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Abstract: Dark matter evolution during the process of cosmological structure formation can be
described in terms of a one-particle irreducible effective action at a characteristic scale km and a
loop expansion below this scale, based on the effective propagators and vertices. We calculate the
form of the effective vertices and compute the bispectrum of density perturbations within a one-
loop approximation. We find that the effective vertices play a subdominant role as compared to the
effective viscosity and sound velocity that modify the (inverse) propagators. For the bispectrum we
reproduce the results of standard perturbation theory in the range where it is applicable, and find
a slightly improved agreement with N -body simulations at larger wavenumbers.
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1 Introduction
The distribution of dark matter in our Universe arises dynamically from the evolution of initially
small perturbations under the influence of gravity. Its precise description is of great interest as it can
provide constraints on cosmological models [1–5]. It is a generic feature of cosmological structure
formation that initially small deviations from average background fields grow non-perturbatively
large at late time and small length scales. On these galactic scales, calculations have to rely entirely
on non-perturbative techniques such as CPU-intensive N -body simulations [6–8]. However, on
sufficiently large length scales, as those of the baryon acoustic oscillations (BAO), where density
contrasts do not exceed order unity, cosmological perturbation theory has demonstrated its ability to
complement N -body simulations [9–24]. Beyond providing conceptual insight into how cosmological
structures grow, such analytic approaches are of use for fast scans of classes of cosmological models
and initial conditions, where N -body simulations face numerical limitations.
In general, cosmological perturbation theory starts from the collisionless Vlasov-Boltzmann
equation which can be rewritten as a hierarchy of equations for the moments or cumulants of the
dark matter phase-space distribution [9]. Truncating this hierarchy at the lowest moments results in
equations of motion governing the dynamics of an ideal and pressureless fluid. Taking into account
the next moment of the distribution function introduces a shear tensor. In principle, even at large
length scales, the precise calculation of the dark matter distribution from any such truncation of
moment equations is complicated by the fact that nonlinear terms in the evolution couple short and
long wavelengths. In practice, for the single stream approximation this becomes an obstacle at a
characteristic momentum scale knl ' 0.3h/Mpc when nonlinearities start dominating the evolution.
The onset of this breakdown of a perturbative description is seen for instance in the increased UV
sensitivity of the higher-order corrections to the propagation of long-wavelength fluctuations, see
e.g. [25].
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Different approaches have been suggested for an improved treatment of the UV sensitivity
of cosmological perturbation theory. In particular, the truncated set of moment equations may
be regarded as defining an effective description, applicable below some momentum scale km. In
the so-called effective field theory approach to large scale structure, UV physics above the scale
km is parametrized in terms of additional effective couplings that are not predictable within the
effective theory, but are fixed by comparing the calculated correlation functions with either N -body
simulations or observations [26–36]. These additional couplings act like ‘counterterms’ in that they
cancel the UV part of the perturbative loop corrections to various observables.
A somewhat more ambitious approach could consist in understanding also the scale dependence
of these additional couplings by formulating the renormalization group (RG) which they obey. To
pursue such an RG program, an explicit field theoretic formulation of the problem is beneficial.
Methods to write stochastic differential equations as a field theory in terms of path integrals have
been developed in many fields of physics and are often referred to as the Martin-Siggia-Rose formal-
ism [37]. For cosmological perturbations, a closely related field theory formulation of the stochastic
evolution equations was first given by Matarrese and Pietroni [38] in terms of a one-particle irre-
ducible effective action that depends on the relevant fields (such as density contrast and velocity
divergence) combined into φ, and on the corresponding response fields χ. This effective action
Γ[φ, χ] was supplemented with an explicit regulator km in Refs. [39, 40], indicating that, in the
spirit of the Wilsonian approach to the RG (see [41] for a review), the couplings entering Γkm [φ, χ]
are obtained by integrating out the small-scale cosmological perturbations [42, 43]. In Ref. [40],
we derived the exact functional RG flow for Γkm [φ, χ], and we applied this program within a set of
physically motivated approximations that we recall now.
In principle, many effective linear and nonlinear couplings could enter Γkm [φ, χ]. In practice,
to arrive at manageable calculations, restricting the formulation by a guiding principle to a few
‘most relevant’ couplings is beneficial. In Ref. [39, 40], our guiding principle was the use of fluid
dynamics as an effective theory. Namely, when a fluid dynamic description is limited to the long
wavelength modes (larger than 1/km) of a system, the transport properties (such as viscosity or
sound velocity) governing its evolution are not given by the state-independent properties of the
matter under consideration. Rather, effective viscosity and sound velocity in a fluid dynamic
description of modes with wavenumber k < km arise from the coupling of these modes to the state-
dependent spectra of fluctuations at wavenumbers larger than km. This had motivated an ansatz
for the effective action [40] that is limited to effective scale-dependent fluid dynamic transport
properties:
Γk[φ, χ] =
∫
dη
[∫
d3q χa(−q, η) (δab∂η + Ωab,k(q, η))φb(q, η)
−
∫
d3r d3p d3q δ(3)(r− p− q)γabc(r,p,q)χa(−r, η)φb(p, η)φc(q, η)
− i
2
∫
d3q χa(q, η)Hab,k(q, η, η
′)χb(q, η′) + . . .
]
.
(1.1)
In Ref. [40], the matrix Ωab,k(q, η) was assumed to contain scale-dependent contributions from the
effective viscosity and sound velocity, while the vertices γabc(r,p,q) were assumed for simplicity to
be of the tree-level form, i.e. unmodified by the RG running. If calculated by matching the tree-
level propagator (or power spectrum) of the effective theory with the one-loop propagator (or power
spectrum) for an ideal fluid, the scale dependence of Ωab,k(q, η) arises from integrating the power
spectrum for k > km, and — for realistic spectra — the dominant contribution comes from the
region near km, where perturbation theory is still applicable. This is central to the argument that
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not only the dynamics of sufficiently long wavelength perturbations, but also the scale dependence
of the couplings that govern this dynamics should be accessible through perturbation theory.
If the RG running of the effective viscosity and sound velocity is accounted for, then eq. (1.1)
shows very good agreement with the results of N -body simulations for scales k . 0.2h/Mpc [40].
The question arises to what extent this finding would remain unchanged if other effective couplings
were included. The possible scale dependence of the effective three-point vertices in (1.1) is of
particular interest in this context, as it relates to the measurable bispectrum. As a first step
towards addressing this question, we compute here the effective terms present in Γkm [φ, χ] through
the one-loop corrections to the propagator and three-point couplings.
The paper is organized as follows: after introducing the formalism in section 2, we compute in
section 3 the one-loop correction to the vertices of the ideal-fluid theory and use it in order to define
the vertices of the effective theory. In section 4 we derive recurrence relations for the kernels of the
effective theory and solve them approximately. In section 5 we compute the bispectrum numerically.
First we check that we can reproduce the results of standard perturbation theory (SPT) and then
carry out an improved calculation of the bispectrum using our effective theory. We also compare
our results with N-body simulations. In section 6 we present our conclusions.
2 The effective propagator
Within the single stream approximation, assuming irrotational flows and neglecting the shear tensor,
the fluid dynamic equations are written in terms of two scalar fields: the density perturbation
δ ≡ δρ/ρm and the velocity divergence θ ≡ ~∇~v. Their Fourier modes are usually included in the
doublet  φ1(k, η)
φ2(k, η)
 ≡

δk(τ)
−θk(τ)H
 . (2.1)
The dynamic equations take the form
∂ηφa(k, η) = −Ωab(k, η)φb(k, η) +
∫
d3p d3q δ(3)(k− p− q)Γabc(p,q, η)φb(p, η)φc(q, η) . (2.2)
Here, the conformal Hubble parameter H = a˙/a is defined as usual in terms of the scale factor a(τ),
Ω(k, η) = Ω0(η) with
Ω0ab(η) =
(
0 − 1
− 32Ωm 1 + H
′
H
)
, (2.3)
and the prime denotes a derivative with respect to the ‘time’ η = ln a(τ). The nonzero elements of
the interaction terms at tree-level Γabc(p,q, η) = γabc(p,q) are
γ112(p,q) = γ121(q,p) =
(p + q)q
2q2
, (2.4)
γ222(p,q) =
(p + q)2p · q
2p2q2
. (2.5)
The evolution is particularly simple in an Einstein-de Sitter (EdS) Universe with Ωm = 1 and
H′/H = −1/2, and we concentrate on this case. Any ΛCDM cosmology can be mapped, through
an appropriate change of variables, to one with Ωm = 1 to a very good approximation [9]. The
retarded linear propagator GRab(k, η, η
′) satisfies
(δac ∂η + Ωac(k, η))G
R
cb(k, η, η
′) = δabδ (η − η′) . (2.6)
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For an EdS Universe, it is given by GR(k, η, η′) = gR(η − η′) with
gRab(η − η′) =
[
eη−η
′
5
(
3 2
3 2
)
− e
−3(η−η′)/2
5
(−2 2
3 −3
)]
Θ (η − η′) , (2.7)
where the growing and decaying modes are visible.
The effective propagator of the low-energy theory receives loop corrections arising through mode
coupling to the UV sector that is integrated out. These corrections can be taken into account to a
very good approximation by the ansatz [39, 40]
Ωab(k, η) = Ω
0 + δΩ(k, η) =
(
0 − 1
−3/2 1/2
)
+
(
0 0
λs exp(2η)k
2 λν exp(2η)k
2
)
(2.8)
in terms of an effective viscosity ν and sound velocity c2s,
ν ≡ 3
4
λνH exp(2η) , c2s ≡ λsH2 exp(2η) . (2.9)
Both quantities become relevant only in the recent past, as can be seen from the very strong time
dependence.
The form of Ωab(k, η) indicates that the solution of the linearized evolution (2.2) satisfies
φ2(k, η) = ∂ηφ1(k, η). For φ1(k, η) = δ(k, η), this leads to the differential equation
∂2ηδ(k, η) +
(
1
2
+ λνk
2 exp(2η)
)
∂ηδ(k, η) +
(
−3
2
+ λsk
2 exp(2η)
)
δ(k, η) = 0 , (2.10)
whose exact solution in terms of growing and decaying modes
δ(k, η) = c1 fg(k, η) + c2 fd(k, η) (2.11)
can be expressed in terms of hypergeometric functions 1F1(a, b, z),
fg(k, η) = exp(η) 1F1
(
1
2
+
λs
2λν
,
9
4
,−λν
2
k2 exp(2η)
)
, (2.12)
fd(k, η) = exp(−3η/2) 1F1
(
−3
4
+
λs
2λν
,−1
4
,−λν
2
k2 exp(2η)
)
. (2.13)
The full retarded propagator takes then the form
GRab(k, η, η
′) =
Θ (η − η′)
fg(η′) f ′d(η′)− f ′g(η′) fd(η′)
×
[(
f ′d(η
′) fg(η) −fd(η′) fg(η)
f ′d(η
′) f ′g(η) −fd(η′) f ′g(η)
)
−
(
f ′g(η
′) fd(η) −fg(η′) fd(η)
f ′g(η
′) f ′d(η) −fg(η′) f ′d(η)
)]
. (2.14)
Here, f ′d,g ≡ ∂ηfd,g, and the k-dependence of fg and fd is not made explicit for notational reasons.
In contrast to the bare propagator in (2.7), GRab(k, η, η
′) depends separately on η and η′ because of
the η-dependence of δΩ.
The propagator can be expanded in powers of k2, with the first two terms given by
GRab(k, η, η
′) = gRab(η − η′)− (λν + λs) exp(2η) k2
1
45
(
3 2
9 6
)
exp(η − η′), (2.15)
where we have kept the leading contribution for large η − η′. As expected, the correction to the
‘tree-level’ propagator comes entirely from the growing mode. The same expression can be obtained
– 4 –
tFigure 1. The effective contribution to the propagator.
if one considers the correction to the propagator arising from a ‘mass insertion’ −δΩ(k, η1), with
the external legs corresponding to tree-level propagators of the form (2.7), as shown in the upper
diagram of fig. 1. The integration over the internal ‘time’ η1 reproduces eq. (2.15) for a large
difference η − η′ between initial and final times. Again, the result arises entirely from the growing
mode.
As we have discussed above, we view the effective couplings as arising from the UV modes
that have been integrated out. For this correspondence to be meaningful, the correction to the
tree-level propagator in eq. (2.15) must have the same form as the leading one-loop correction to
the propagator in the ideal fluid theory, depicted in the lower diagram of fig. 1, which scales ∼ k2.
Two conditions must be imposed: the loop integral must be evaluated with a lower cutoff equal
to km, and the calculation must be performed for the growing mode. The calculation is similar to
that of [16], apart from the presence of the cutoff. The result, already quoted in [39], is
GRab(k, η, η
′) = gRab(η − η′)− σ2d(η)k2
(
61
350
61
525
27
50
9
25
)
exp(η − η′) , (2.16)
where
σ2d(η) ≡
4pi
3
∫ ∞
km
dq PL(q, η) , (2.17)
with PL(q, η) the linear power spectrum at time η. For an Einstein-de Sitter Universe, the time-
dependence of eqs. (2.15) and (2.16) can be matched. Moreover, the form of the two matrices can
also be matched with a few percent accuracy if we set λν + λs = 2.7σ
2
d, with σ
2
d the present value
(η = 0) of the parameter defined in eq. (2.17). Values for λν and λs could be fixed separately by
considering also the decaying mode [39, 40], but for the purpose of the present work, we constrain
only the sum λν + λs from the growing mode in (2.16).
3 The effective vertices
In analogy to what was done for the propagator in the previous section, we would like to define
effective three-point couplings that generalize the tree-level ones (2.4), (2.5) and account for the
effect of mode coupling to the UV sector. A typical contribution to such couplings is depicted in
the second diagram of fig. 2, where the momentum integration is performed with a lower cutoff km.
The external legs of the diagram are not amputated, but correspond to tree-level propagators. We
assume that the incoming propagators correspond to the growing mode, which allows us to take the
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Figure 2. The effective contribution to the three-point vertices.
limit η′, η′′ → −∞. On the other hand, all other propagators include the decaying mode. There are
two more diagrams, not depicted in fig. 2. The second loop diagram has a similar structure, but
the initial power spectrum (depicted by the small square) is inserted in the internal line connecting
η1 and η3. In the third diagram the square is inserted in the line connecting η2 and η3. Adding
the three contributions and performing the integration over the internal times η1, η2, η3 leads to
an expression that depends only on η and the external momenta. This expression can be mapped
onto the one resulting from the first diagram of fig. 2, where the open circle denotes an effective
vertex
Γabc(p,q, η) = γabc(p,q) + δγabc(p,q, η). (3.1)
The procedure outlined above results in effective vertices that are local in time. In general, the
effective three-point couplings include contributions nonlocal in time, so that a recipe is required in
order to project them onto a local expression. In [40] this was achieved for the propagator through
an appropriate Laplace transform. Here we perform the projection by considering only growing-
mode incoming propagators. Formally, this procedure has an element of arbitrariness, but it will
be shown to be self-consistent and to capture the most important contributions to the effective
vertices.
The calculation of the effective vertices is rather technical. We present some details in appendix
A. The result has two characteristic properties:
1. The corrections δγabc to the tree-level vertices include a factor of the parameter (2.17), in
complete analogy to what was found for the effective propagator [39, 40]. This introduces
a time-dependence ∼ exp(2η), and it indicates that the influence of the UV sector becomes
important only in the recent past.
2. The projection onto growing incoming modes, proportional to φ = (1, 1), in the first diagram
of fig. 2 results in the linear combinations δγa11 + δγa12 + δγa21 + δγa22, with a = 1, 2.
Remarkably, the second diagram of fig. 2 leads to an expression with only two independent
elements that can be matched to the above linear combination of effective vertices. On the one
hand, this shows that the projection to growing modes leads to a closed system of equations
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that is of manageable complexity since it contains only two unknown functions. On the other
hand, this means that our procedure cannot constrain each element δγabc individually.
We obtain
(δγ111 + δγ112 + δγ121 + δγ122)(p,q, η) = σ
2
d(η)k
2R1(p,q) , (3.2)
(δγ211 + δγ212 + δγ221 + δγ222)(p,q, η) = σ
2
d(η)k
2R2(p,q) , (3.3)
where
R1(p,q) = −5815 k
6 + 5392 k4(p2 + q2)− 32198 k2(p4 + q4)
123480 k2p2q2
−−25040 k
2p2q2 + 20991(p6 − p4q2 − p2q4 + q6)
123480 k2p2q2
, (3.4)
R2(p,q) = −74 k
4 + 307 k2(p2 + q2) + 1974 p2q2 − 381 (p4 + q4)
1176 p2q2
, (3.5)
with p, q the incoming momenta and k = p + q the outgoing one. Both R1 and R2 take finite
values for p2 = k2, q2 = 0, or q2 = k2, p2 = 0, so that no spurious infrared singularities appear.
For an Einstein-de Sitter Universe, the leading time dependence of the quantity σ2d(η), defined in
eq. (2.17), is σ2d(η) = σ
2
d exp(2η), with σ
2
d its value today (η = 0).
4 Recurrence relations
A standard method for the solution of eq. (2.2) is to expand the density contrast δ = φ1 and
rescaled velocity divergence −θ/H = φ2 in powers of the Fourier modes δqn(η0) of the initial
density perturbations at η = η0 [9, 44]:
φa(k, η) =
∞∑
n=1
∫
d3q1 · · · d3qn (2pi)3δ(3)
(
k−
∑
i
qi
)
Fn,a(q1, . . . ,qn, η)δq1(η0) · · · δqn(η0) . (4.1)
Inserting into eq. (2.2) gives an evolution equation for the kernels Fn,a
(∂ηδab + Ωab(k, η))Fn,b(q1, . . . ,qn, η) =
n−1∑
m=1
Γabc(q1 + · · ·+ qm,qm+1 + · · ·+ qn, η)Fm,b(q1, . . . ,qm, η)Fn−m,c(qm+1, . . . ,qn, η), (4.2)
where the right-hand side is understood to be symmetrized w.r.t. arbitrary permutations of the qi,
and k =
∑
i qi. When neglecting the viscosity and sound-velocity terms and the corrections δγabc
to the effective vertices, the solution is of the form Fn,1 = exp(nη)Fn and Fn,2 = exp(nη)Gn [9].
Unfortunately, the time dependence introduced through the effective terms does not allow for such
an exact factorization.The exact determination of the kernels is possible through the numerical
solution of the first-order differential equation (4.2). However, for modes of low momentum an
explicit solution is still possible at order k2.
The kernels F1,a can be obtained from the linear evolution. For η → −∞, the matrix δΩ,
defined in eq. (2.8), vanishes and the evolution becomes the standard one, with the known growing
and decaying modes. This leads to the identification F1,1(k, η) = fg(k, η), F1,2(k, η) = ∂ηfg(k, η),
with fg(k, η) given by eq. (2.12). For sufficiently low k
2, the viscosity and sound-velocity terms
are subleading during the whole linear evolution until today. The kernels can be approximated by
expanding the hypergeometric functions, with the result
F1,1(k, η) ' exp(η)− 1
9
(λs + λν)k
2 exp(3η) , (4.3)
F1,2(k, η) ' exp(η)− 1
3
(λs + λν)k
2 exp(3η) . (4.4)
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We can express the matrix δΩ of eq. (2.8) as δΩab = (σ
2
d k
2
m) (k
2/k2m) exp(2η)λ¯ab. The product
σ2d k
2
m takes values close to 0.5 for km in the range (0.4 − 1)h/Mpc. In the low-energy effective
theory, all modes satisfy k2/k2m ≤ 1, while exp(2η) ≤ 1, for η ≤ 0. The entries of the matrix λ¯ab are
dimensionless constants: λ¯11 = λ¯12 = 0, λ¯21 = λs/σ
2
d ≡ λ¯s, λ¯22 = λν/σ2d ≡ λ¯ν , with λ¯s + λ¯ν ' 2.7
according to the matching of expressions (2.15) and (2.16) for the effective propagator. Similarly, we
parameterize the effective vertices δγabc of eq. (3.1) as δγabc = (σ
2
d k
2
m) (k
2/k2m) exp(2η)gabc, where
gabc(p,q) are dimensionless ratios of external momenta that satisfy (g111+g112+g121+g122)(p,q) =
R1(p,q) and (g211 + g212 + g221 + g222)(p,q) = R2(p,q), consistent with eqs. (3.2) and (3.3).
Within the low-energy effective theory, keeping terms up to order k2 is a good approximation
for all modes even today. In order to find an approximate solution for the kernels, we define the
functions F In,a, F
II
n,a according to
Fn,a(q1, . . . ,qn, η) ' F In,a(q1, . . . ,qn) exp(nη)
+F IIn,a(q1, . . . ,qn)σ
2
d k
2 exp((n+ 2)η) . (4.5)
Up to first order in k2, we obtain the standard recurrence relation
(n δab + Ω
0
ab)F
I
n,b(q1, . . . ,qn) =
n−1∑
m=1
γabc(q1 + · · ·+ qm,qm+1 + · · ·+ qn)F Im,b(q1, . . . ,qm)F In−m,c(qm+1, . . . ,qn), (4.6)
along with the new one
((n+ 2) δab + Ω
0
ab)F
II
n,b(q1, . . . ,qn) + λ¯abF
I
n,b(q1, . . . ,qn) =
n−1∑
m=1
[
γabc(q1 + · · ·+ qm,qm+1 + · · ·+ qn)F Im,b(q1, . . . ,qm)F IIn−m,c(qm+1, . . . ,qn)
+ γabc(q1 + · · ·+ qm,qm+1 + · · ·+ qn)F IIm,b(q1, . . . ,qm)F In−m,c(qm+1, . . . ,qn)
+ gabc(q1 + · · ·+ qm,qm+1 + · · ·+ qn)F Im,b(q1, . . . ,qm)F In−m,c(qm+1, . . . ,qn)
]
. (4.7)
We discuss now the form of the kernels to understand the nature of the higher-order corrections.
Comparing the ansatz (4.5) with (4.4), (4.3), we write
F I1,1 = F
I
1,2 = 1 , (4.8)
F II1,1 = (−1/9)(λ¯s + λ¯ν) , (4.9)
F II1,2 = (−1/3)(λ¯s + λ¯ν) , (4.10)
which is consistent with (4.7). This shows that the linear evolution is affected at late times by the
effective viscosity and sound velocity, and that the degeneracy between λ¯ν and λ¯s is not broken
at the linear level. Use of the phenomenological values λ¯s + λ¯ν ' 2.7, σ2dk2m ' 0.5 in eq. (4.5)
indicates that the velocity field suffers the maximal effect, of order of 50%, for η ' 0 and k2 ' k2m.
The maximal effect on the density field is much weaker, of the order of 15%. For modes with lower
k, the viscosity and sound-velocity corrections are suppressed by an additional factor ∼ k2/k2m.
For n = 2, eq. (4.6) gives the standard relation
F I2,1(p,q) =
5 (γ112(p,q) + γ121(p,q)) + 2γ222(p,q)
7
=
5
7
+
(p2 + q2) p · q
2p2q2
+
2
7
(p · q)2
p2q2
, (4.11)
F I2,2(p, q) =
3 (γ112(p,q) + γ121(p,q)) + 4γ222(p,q)
7
=
3
7
+
(p2 + q2) p · q
2p2q2
+
4
7
(p · q)2
p2q2
, (4.12)
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while eq. (4.7) gives
F II2,1(p,q) =
3
11
[
R1(p,q) + (γ112(p,q) + γ121(p,q)) (F
II
1,1 + F
II
1,2)
]
+
2
33
[
R2(p,q)− λ¯sF I2,1(p,q)− λ¯νF I2,2(p,q) + 2γ222(p,q)F II1,2
]
, (4.13)
F II2,2(p,q) =
1
11
[
R1(p,q) + (γ112(p,q) + γ121(p,q)) (F
II
1,1 + F
II
1,2)
]
+
8
33
[
R2(p,q)− λ¯sF I2,1(p,q)− λ¯νF I2,2(p,q) + 2γ222(p,q)F II1,2
]
. (4.14)
Remarkably, with the help of eqs. (4.11), (4.12), the kernels F II2,a(p,q) can be shown to depend only
on the sums of effective vertices that define Ra(p,q) in eqs. (3.4), (3.5),
F II2,1(p,q) =
1
693
[
189R1 + 42R2 − λ¯ν (102γ112 + 102γ121 + 52γ222)
−λ¯s (114γ112 + 114γ121 + 40γ222)
]
(p,q) , (4.15)
F II2,2(p,q) =
1
693
[
63R1 + 168R2 − λ¯ν (100γ112 + 100γ121 + 208γ222)
−λ¯s (148γ112 + 148γ121 + 160γ222)
]
(p,q) . (4.16)
Before discussing in detail the kernels F II2,a, three remarks are in order:
1. The matching procedure employed in section 2 only constrains λ¯s + λ¯ν ' 2.7. However, this
degeneracy is broken at the level of the kernels F II2,a which depend separately on λ¯ν and λ¯s.
For the numerical results presented in the following, we assumes that both values are of order
unity. The dependence on the precise choice turns out to be mild (see Sec. 5).
2. Both F In,a(q1, ...,qn) and F
II
n,a(q1, ...,qn) scale proportional to k
2 in a limiting case for which
the sum k =
∑
i qi of their arguments approaches zero, while the magnitudes of the qi are
held fixed, in accordance with the expectation due to overall momentum conservation [9]. For
the standard kernel, which is a rational function of its arguments, this property implies that
F In,a(q1, ...,qn) → 0 also in the limiting case in which k is held fixed while the qi become
large. However, this is not the case for F IIn,a(q1, ...,qn). The factor σ
2
d k
2 in (4.5) implies that
F IIn,a(q1, ...,qn) approach a constant value for large qi/k when k is held fixed.
3. The kernels F II2,a in eqs. (4.15) and (4.16) have terms proportional to R1 and R2 originating
from the corrections to the effective vertices, and terms proportional to λ¯s, λ¯ν and γabc
that arise through the effective propagator and standard vertices. Direct comparisons of the
functions γabc(p,q) and Ra(p,q) reveals that the latter are dominant in the UV, while the
former dominate for p, q with magnitudes in the vicinity of k. As Ra(p,q) absorb higher-order
corrections of standard perturpation theory, this illustrates how the increased UV sensitivity
of STP is tamed in the present formulation: The cutoff km in the low-energy effective theory
eliminates the UV region of momentum integrations in which effective terms, such as Ra,
would dominate over the tree-level vertices. The value of the tree level vertices γabc sets the
relative weight of Ra and λ¯s, λ¯ν in the kernels (4.15), (4.16).
The features we discussed above are apparent in fig. 3, in which we depict contributions to
the kernel F II2,1(p,q) of eq. (4.15) in terms of the magnitude of q and the angle θ between q and
k = p + q. One sees that the contribution from terms proportional to λ¯s and λ¯ν dominates for
q/k . 1, while the the contribution from terms proportional to R1 and R2 dominates for q/k & 1,
where it is roughly constant. We are interested in the nonlinear corrections to the spectrum and
bispectrum in the range 0.05 . k . 0.3h/Mpc. When the kernels are used for their calculation
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Figure 3. Contributions to the kernel F II2,1(p,q) as given by eq. (4.15) , for λ¯s = λ¯ν = 1.4 and for
various values of the angle θ between p and q with k = p + q. The four lines in each set (solid and
dashed) correspond to cos θ=0.8, 0.3, -0.3, -0.8. The solid lines correspond to the contribution from the
terms proportional to λ¯s and λ¯ν in eq. (4.15), while the dashed lines to the contribution from the terms
proportional to R1 and R2. It is apparent that the first contribution dominates for q/k . 1, while the
second one dominates for q/k & 1, where it is roughly constant.
through perturbation theory, the momentum integrations include factors of the linear spectrum
PL(q), which peaks at momenta below the above range. This favors the region of integration
q/k . 1, in which the effective viscosity and sound-velocity terms dominate. The vertex corrections
would become important for very large q, for which F II2,1 would be constant and a possible UV
divergence could result from an integrand such as q2 PL(q). However, this momentum regime is
eliminated by an upper cutoff equal to km in all computations within the effective theory.
It is also important to notice that, for λ¯s, λ¯ν of order 1, the magnitudes of the two types
of contributions in eq. (4.15) are set by the tree-level vertices γabc and their corrections Ra. The
consistency of our scheme requires the vertex corrections to be subleading. It seems reasonable then
to expect that the effect of the vertex corrections on all higher-order kernels is subleading to that of
viscosity and sound velocity. We shall find support for this conclusion through a numerical analysis
at the level of the bispectrum in the following section. As a result, the calculation of higher-order
kernels within the effective theory of our scheme can be performed by keeping the full matrix Ωab
of eq. (2.8), but neglecting the vertex corrections δγabc in eq. (3.1).
5 Numerical analysis
The bispectrum within the effective theory can be computed using the expressions familiar from
standard perturbation theory (SPT), with two changes:
1. The kernels Fn,a are not the usual SPT kernels, but are obtained instead by solving numerically
the evolution equation (4.2), taking the effective viscosity and sound velocity parameterized
by λν and λs, as well as the modified vertices δγabc, into account. These effective parameters
depend on the scale km.
– 10 –
2. Within the effective theory, only wavenumbers below km contribute to the one-loop expressions
for the bispectrum.
The physical power and bi-spectra do not depend on the renormalization scale km. On the
other hand, the approximations leading to the effective description discussed above will in general
lead to a residual dependence of the theoretical prediction on km. This dependence is expected to
be smaller the better the approximation captures the true power and bi-spectra. It can, therefore,
serve as a measure of the theoretical uncertainty, which we will quantify below. The setup is similar
in spirit to the dependence of perturbative predictions on the renormalization scale µ in quantum
field theory.
An additional expected feature is that both the tree-level and one-loop contributions, when
computed within the effective theory, feature a sizeable dependence on km, which approximately
cancels when summing them. This serves as a further consistency check and validation, as we will
discuss in the following.
For completeness, we quote the explicit expressions for the bispectrum of the density contrast
up to one loop,
Btree(k1, k2, k3, η) = 2F2(k1,k2, η)F1(k1, η)F1(k2, η)P0(k1)P0(k2) + 2 permutations
Bone−loop(k1, k2, k3, η) = (B222 +BI321 +B
II
321 +B411)(k1, k2, k3, η) , (5.1)
where
B222(k1, k2, k3, η) = 8
∫
km
d3qP0(q)P0(|q + k1|)P0(|q− k2|)F2(−q,q + k1, η)F2(−q− k1,q− k2, η)
×F2(k2 − q,q, η) ,
BI321(k1, k2, k3, η) = 6P0(k3)F1(k3, η)
∫
km
d3qP0(q)P0(|q− k2|)F3(−q,q− k2,−k3, η)F2(k2 − q,q, η)
+5 permutations ,
BII321(k1, k2, k3, η) = 6P0(k2)P0(k3)F2(k2,k3, η)F1(k2, η)
∫
km
d3qP0(q)F3(k3,q,−q, η)
+5 permutations ,
B411(k1, k2, k3, η) = 12P0(k2)P0(k3)F1(k2, η)F1(k3, η)
∫
km
d3qP0(q)F4(q,−q,−k2,−k3, η)
+2 permutations . (5.2)
Compared to SPT, the EFT kernels Fn ≡ Fn,1 depend nontrivially on time η, as indicated, as well
as on km. As discussed above, even the linear solution described by n = 1 has a nontrivial time and
scale dependence. For this reason we explicitly include also the kernel F1(k, η) in the expressions
above. In addition, the cutoff at km is indicated by the subscript on the loop integrals. Finally,
P0(k) denotes the usual linear power spectrum as obtained from CLASS [45].
Within the viscous EFT approach, we compute the bispectrum numerically as a sum of three
terms:
BEFT (k1, k2, k3) = B
EFT
tree (k1, k2, k3) +B
EFT
one−loop(k1, k2, k3) +B
EFT
vertex(k1, k2, k3). (5.3)
The first and second term correspond to the tree-level and one-loop contributions computed as
described above, with time-dependent kernels Fn evaluated numerically through the differential
equation (4.2). For the one-loop integration we combine the contributions within the loop integrand
in order to achieve the cancellation of infrared singularities at the integrand level, as described for
the power spectrum in [25]. We explain the details of this process in appendix B. In the numerical
solution we take into account the effective viscosity and pressure contained in Ωab(k, η) exactly,
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while we use only the SPT contributions to the vertices Γabc → γabc on the right-hand side. In
order to take the leading contribution of the vertex correction into account, we compute in addition
the tree-level bispectrum with a vertex δγabc = Γabc − γabc and viscous propagators, denoted by
BEFTvertex. Our numerical results indicate that the vertex correction gives only a minor contribution
(see below), justifying the expansion in δγabc. This conclusion is consistent with the discussion at
the end of section 4.
The numerical results shown below correspond to a ΛCDM reference cosmology with pa-
rameters ΩΛ = 0.74,Ωm = 0.26,Ωb = 0.044, h = 0.72, ns = 0.96. The quantity σ
2
d, deter-
mining the effective viscosity, pressure and vertices, is computed at z = 0 and takes the values
σ2d = {2.35, 1.37, 0.92, 0.66}(Mpc/h)2 for km = {0.4, 0.6, 0.8, 1.0}h/Mpc. For the main analysis we
use λν = 38/35σ
2
d and λs = 57/35σ
2
d, as in [39], but we also examine the dependence on the ratio
λν/λs.
5.1 Dependence on the renormalization scale and comparison with SPT
As a cross-check of the validity of the viscous EFT description, it is instructive to consider the
consistency with SPT in the appropriate approximation, as well as the dependence on the renor-
malization scale km. Within the effective theory, B
EFT
tree depends on the effective viscosity and
pressure, parameterized by λν(km) and λs(km), which are running with km. Therefore, B
EFT
tree
depends on km as well. In addition, the contribution B
EFT
vertex depends on km via the running of the
effective vertex δγabc(km).
The running of the EFT parameters is determined by “integrating out” UV modes. In general,
the running deep inside the nonlinear regime cannot be predicted perturbatively, but has to be
extracted from numerical simulation data. However, the dominant contribution to the effective
viscosity and pressure is arguably generated when integrating out modes k & km that are not
too far away from the weakly nonlinear regime. Independently of the accuracy with which this
expectation is borne out, the matching prescription followed in this work implies that the sum
B0 ≡ BEFTtree (k1, k2, k3; km) +BEFTvertex(k1, k2, k3; km) +BSPT, Λ=kmone−loop (k1, k2, k3) (5.4)
should be approximately independent of km, and equal to the usual SPT bispectrum computed
using EdS kernels Fn:
BSPT (k1, k2, k3) = B
SPT
tree (k1, k2, k3) +B
SPT
one−loop(k1, k2, k3) . (5.5)
The terms BEFTtree (k1, k2, k3; km) and B
EFT
vertex(k1, k2, k3; km) were defined in the paragraph below eq.
(5.3). The term BSPT, Λone−loop denotes the SPT one-loop contribution to the bispectrum, computed
with the usual SPT kernels and a UV cutoff Λ. A small difference B0 − BSPT implies that the
tree-level parameters contained in the EFT are sufficient to capture the UV one-loop contributions
in the context of SPT within the weakly nonlinear regime. The confirmation that this expectation
is indeed fulfilled constitutes a nontrivial check of the validity range of the EFT description.
In Fig. 4 we show B0 − BSPT for three values of km, and for equilateral as well as squeezed
configurations, respectively (black lines). We find that the difference is indeed very close to zero in
all cases. One exception is the regime k & 0.25h/Mpc for the squeezed shape and for the smallest
renormalization scale km = 0.4h/Mpc. One reason for this might be that the EFT is formally valid
for the limit of a large scale separation, k  km. Therefore, the regime in which k and km approach
each other is precisely where the EFT description is expected to start breaking down.
It is also instructive to decompose B0 −BSPT as
B0 −BSPT =
(
BEFTtree −BSPTtree
)
+BEFTvertex +
(
BSPT, Λ=kmone−loop −BSPTone−loop
)
. (5.6)
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Figure 4. Cross check of the validity of the EFT description, for equilateral configurations k1 = k2 =
k3 ≡ k (upper row) and for a squeezed shape with k1 = k2 ≡ k and k3 = 0.027h/Mpc (lower row).
The three columns show results for three values of the renormalization scale km. In each panel, the
blue and red lines correspond to BEFTtree − BSPTtree and BEFTvertex, respectively. The green line corresponds to
BSPT, Λ=kmone−loop − BSPTone−loop, where the former denotes the SPT one-loop bispectrum computed with a UV
cutoff Λ ≡ km. The black line corresponds to the sum of the green, blue and red lines, and is expected to
be close to zero within the range of validity of the EFT description, i.e. whenever the effective viscosity
and pressure as well as the effective vertices accurately capture the UV dependence of the bispectrum.
The three contributions on the right-hand side are shown in Fig. 4 by the blue, red and green lines,
respectively. As expected, the individual contributions depend on km, and the dependence on the
renormalization scale only cancels when adding all contributions. This indicates that the running
EFT parameters indeed capture the UV contributions efficiently.
The smallness of the contribution BEFTvertex relative to the other two supports the conclusion we
reached at the end of section 4, that the calculation of higher-order kernels within the effective theory
can be performed by keeping the full matrix Ωab of eq. (2.8), but neglecting the vertex corrections
δγabc. On the other hand, B
EFT
vertex is not negligible at tree-level. From the first row in Fig. 4 it
is apparent that the vertex correction (red line) gives a small but still significant contribution for
the equilateral configuration. On the other hand, the vertex correction is not required in order
to capture the UV sensitivity of the bispectrum in the squeezed limit, to a good approximation.
This implies that the bispectrum in the squeezed limit can be described by a simplified EFT that
contains only an effective viscosity and pressure, but no vertex corrections. Moreover, effectively
only the linear combination λν(km) + λs(km) enters in the viscous propagator when k . km. This
suggests that the viscous description employed in [39], with a single EFT parameter, is sufficient to
predict both the power spectrum as well as the bispectrum in the squeezed limit, while an additional
parameter (for the vertex correction) is required to achieve percent precision in the equilateral case.
We leave further investigation of this point for future work. This finding is also broadly in agreement
with results based on different types of effective theory constructions [29, 30].
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Figure 5. Bispectrum for equilateral configurations k1 = k2 = k3 ≡ k (left) and for a squeezed shape with
k1 = k2 ≡ k and k3 = 0.027h/Mpc (right). The black line shows the result for the total bispectrum, and
the blue and green correspond to the tree-level and one-loop contributions, respectively. For the viscous
EFT the additional contribution due to vertex corrections is shown in red. The grey dotted lines show the
variation with the renormalization scale in the range km = 0.4−1h/Mpc (they are almost indistinguishable
from the black line). The data-points (in magenta) correspond to N-body simulation results [29].
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Figure 6. Difference between the bispectrum computed in the viscous EFT approach and in SPT,
for equilateral and squeezed configurations as in Fig. 5, and for km = 0.6h/Mpc (black lines). For the
tree-level contribution (blue) we show BEFTtree − BSPTtree , while for the loop correction (green) we display
BEFTone−loop −BSPTone−loop. The vertex correction (red) corresponds to BEFTvertex, since this contribution does not
exist within SPT. The grey dotted lines show the variation with the renormalization scale in the range
km = 0.4− 1h/Mpc, providing a quantitative measure for the theoretical uncertainty band.
5.2 Bispectrum within the effective theory
We turn next to the calculation of the one-loop bispectrum within the effective theory. As seen in
Fig. 5, the viscous EFT description compares well with N-body simulation results [29], and vertex
corrections indeed make only a minor contribution in both, equilateral and squeezed configurations.
Fig. 6 displays the difference between the EFT and the corresponding SPT results. For the
SPT result we do not impose any cutoff in the loop integration, and we use the usual EdS Kernels
Fn (see eq. (5.5)). The differences range from a few percent to several tens of percent for large
k. The difference in the tree-level (blue) and one-loop (green) results can be associated with the
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Figure 7. Dependence of the bispectrum on the relative contribution of effective viscosity λ¯ν and
sound velocity λ¯s, for km = 0.6h/Mpc and equilateral shape. Solid lines correspond to the fiducial choice
λ¯ν/λ¯s = 2/3 [39]. The result obtained for an identical value of the sum λ¯ν + λ¯s, but with λ¯ν/λ¯s = 4, is
shown by the dashed lines, while dot-dashed lines correspond to λ¯ν/λ¯s = 1/4. The left panel shows the
individual contributions from tree-level (blue), one-loop (green) and vertex correction (red) as in Fig. 6,
and the right panel contains their sum. For comparison, the grey dotted lines in the right panel show the
dependence of the bispectrum on km for the fiducial value of λ¯ν/λ¯s, as in Fig. 6.
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Figure 8. Ratio of the SPT (black dashed) and EFT (black solid) bispectrum to the SPT tree-level
bispectrum. The grey dotted lines show the variation with the renormalization scale in the range km =
0.4 − 1h/Mpc, providing a quantitative measure for the theoretical uncertainty band below the nonlinear
scale (k . 0.2h/Mpc). The data-points (in magenta) correspond to N-body simulation results [29].
effective viscosity and sound velocity within the EFT. As observed before, its effect is subleading
to the effective viscosity and sound velocity.
In Figs. 5 and 6, we have included theoretical uncertainty bands, obtained from varying the
renormalization scale km. In Fig. 5, these are hardly distinguishable from the black line, and they
amount to an uncertainty on the percent level below the nonlinear scale (around 0.2h/Mpc for
z = 0). In Fig. 6 they are better visible due to the much smaller range of the y-axis. An additional
uncertainty, not included in these error bands, arises from two- and higher loop contributions, which
we expect to contribute significantly for k & 0.2h/Mpc.
An additional source of systematic uncertainty arises from the relative size of effective viscosity
λ¯ν and sound velocity λ¯s. For the matching procedure discussed in section 2, only their sum is
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determined. In Fig. 7 we quantify the dependence of the bispectrum on the ratio λ¯ν/λ¯s, within
the range 1/4 − 4, including also the fiducial value λ¯ν/λ¯s = 2/3 [39]. The left panel of Fig. 7
demonstrates that the one-loop contribution to the bispectrum shows a mild dependence on λ¯ν/λ¯s,
while both the tree-level and vertex contributions are almost insensitive to this parameter. The
variation of the total bispectrum (black lines in the right panel of Fig. 7) when changing λ¯ν/λ¯s
within the range 1/4 − 4 is comparable to (or smaller than) the dependence on the value of km
(grey dotted lines). Therefore, the latter provides the dominant contribution to the theoretical
error budget.
Fig. 8 shows the ratio of the SPT and EFT bispectra to the tree-level SPT bispectrum, compared
to N-body simulation results [29]. We find good agreement within the expected range of validity
(k . 0.2h/Mpc). For k . 0.15h/Mpc, the N-body simulation results are limited by cosmic variance,
and do not lead to a meaningful distinction between SPT and EFT. For k & 0.2h/Mpc, the validity
of the perturbative description is expected to become weaker at z = 0 in comparison to N-body
data. Within the range 0.15h/Mpc . k . 0.2h/Mpc, the EFT results are in slightly better
agreement with N -body data than the SPT results, even though the difference is not substantial.
We emphasize that no parameters have been adjusted in order to obtain the EFT results for the
bispectrum. We thus conclude that the viscous EFT provides—without inclusion of additional
effective vertex corrections—a stable and reliable description of both spectra and bispectra for
sufficiently large wavelength (k < 0.2h/Mpc).
6 Conclusions
In this work we continued the program of constructing a one-particle irreducible effective action
Γkm [φ, χ] for large-scale structure at a scale km below the typical galaxy scale. Conceptually,
the effective action results from taking into account the fluctuations at scales |k| > km through
the introduction of effective couplings. This effective action can be taken as a starting point for
computing additional loop corrections, now in the presence of a regulator restricting the integrations
to |k| < km, or for calculating the functional RG running towards the full one-particle irreducible
effective action Γ[φ, χ] [40]. We emphasize that in a one-particle irreducible scheme the effective
propagator derived from Γkm [φ, χ] receives corrections at all orders in a perturbative expansion (by
virtue of the one-particle irreducible resummation). Such a resummed propagator can be obtained
by solving equations of motion with “self-energy” corrections, as was discussed in section 2. We
take this resummation into account when computing loop corrections within the effective theory
for |k| < km.
The RG running to the scale km generates effective viscosity and sound velocity terms in
Γkm [φ, χ], even when starting with an ideal pressureless fluid description in the ultraviolet. The
resulting renormalization group equations indicate that, for a realistic spectrum of perturbations,
the dominant contributions to the effective viscosity and sound velocity arise from scales that
are only slightly above km [39, 40]. On the one hand, this finding is in line with the expected
decoupling of UV modes. On the other hand, the starting point of the RG evolution in the UV
may deviate from a pressureless ideal fluid on general gounds. In such a case the RG evolution of
the effective viscosity and sound velocity would start from (in general unknown) non-zero values
in the UV. We have found previously that the power spectra computed in the absence of such
extra UV contributions are approximately independent of the artificial intermediate scale km and
in reasonable agreement with N-body simulations. This may be taken as an indication that the
(computable) RG running within the perturbative domain captures the dominant contribution to
the effective viscosity and sound velocity evaluated at the scale km.
Here we extended this analysis to the bispectrum. In addition to effective viscosity and sound
velocity terms, we also included vertex corrections in the effective action Γkm [φ, χ] that are gen-
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erated by integrating out fluctuations at scales |k| > km. In order to estimate the importance of
vertex corrections, we limited ouselves to a perturbative determination instead of a self-consistent
RG analysis. We showed that the resulting effective theory accurately captures the impact of UV
fluctuations on the bispectrum, provided that the scale km lies within the regime where a pertur-
bative description is possible. As for the power spectrum, the resulting bispectrum depends only
mildly on km. While the vertex corrections are relevant in order to achieve a precise cancellation
of the dependence on km, their quantitative contribution to the total bispectrum is of minor im-
portance, especially for squeezed configurations. This implies that the dominant effect is captured
by the effective propagator, and is consistent with the truncation of the effective action used in
[39, 40].
The results lend further support to the viscous fluid description based on the one-particle
irreducible effective action Γkm [φ, χ]. In future work the framework could be further developed, for
example by including additional fields such as vorticity or the velocity dispersion tensor [46, 47], as
well as by using the functional renormalization group flow for computations at small wavenumbers
k < km.
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A Calculation of the vertex correction
The vertex correction is obtained by computing one-particle-irreducible (1PI) diagrams with two
ingoing lines and one outgoing line, such as the ones shown in Fig. 2.
At one-loop, we take three diagrams into account. The first one is shown on the right-hand side
in Fig. 2 (which we denote by diagram (1)). The second one (diagram (2)) has a similar structure,
except that the initial power spectrum (depicted by the small square) is inserted in the internal line
connecting η1 and η3. In the third diagram (3), the square is inserted in the line connecting η2 and
η3.
We first compute the amputated diagrams, i.e. without propagators attached to the three
external lines. Denoting the incoming wavenumber at η1 by p and at η2 by q, they are given by
V ampabc (η1, η2, η3,p,q) = 8
∫
d3l P0(l)
(
V
(1)
abcΘ(η3 − η1)Θ(η3 − η2) + V (2)abcΘ(η3 − η2)Θ(η2 − η1)
+V
(3)
abcΘ(η3 − η1)Θ(η1 − η2)
)
, (A.1)
where we explicitly extracted the initial, linear power spectrum P0(l) that corresponds to the
“square” in the internal lines, and the Heaviside functions associated to the propagator. The factor
8 = 23 is related to the combinatorial factor for each of the three vertices. The loop integrands for
the three diagrams are given by
V
(1)
abc = γadd′(p + l,q− l)
(
gRde(η3 − η1)γebf (p, l)
) (
gRd′e′(η3 − η2)γe′cf ′(q, l)
) (
ufuf ′e
η1+η2
)
,
V
(2)
abc = γadd′(−l,p + q + l)
(
uduee
η3+η1
) (
gRd′e′(η3 − η2)γe′cf ′(q,p + l)
) (
gRf ′f (η2 − η1)γfbe(p, l)
)
,
V
(3)
abc = V
(2)
∣∣
η1↔η2,p↔q , (A.2)
where summation over repeated indices is implied and u = (u1, u2) = (1, 1) projects out the growing
mode contribution for the propagators attached to the initial power spectrum.
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We are interested in the UV contribution from modes with l ≥ km  p, q. We therefore Taylor
expand the V (i) in 1/l. We find cancellations among the three contributions, and the leading large-l
behaviour can be extracted by rewriting the vertex in the form
V amp,UVabc (η1, η2, η3,p,q) = 8Θ(η3 − η1)Θ(η3 − η2)
∫ ∞
km
dl l2 P0(l)
(
(V¯
(1)
abc + V¯
(2)
abc )Θ(η2 − η1)
+(V¯
(1)
abc + V¯
(3)
abc )Θ(η1 − η2)
)
, (A.3)
where
V¯
(i)
abc ≡
∫
dΩlV
(i)
abc (A.4)
are integrated over the direction of l. We find that both V¯
(1)
abc + V¯
(2)
abc and V¯
(1)
abc + V¯
(3)
abc scale ∝ 1/l2
when Taylor expanded for large l. Therefore, the integration on the right-hand side of (A.3) yields
a factor σ2d = 4pi/3
∫∞
km
dlP0(l).
The amputated vertex depends separately an all time arguments. In order to match the UV
part of the one-loop correction to a modified vertex within the low-energy effective theory, we
therefore consider the non-amputated vertex given by
V UVabc (η,p,q) =
∫ η
−∞
dη3
∫ η3
−∞
dη1
∫ η3
−∞
dη2 g
R
aa′(η − η3)V ampa′b′c′(η1, η2, η3,p,q)gRb′b(η1)gRc′c(η2) , (A.5)
where we project on the growing mode contribution for the incoming lines (attached to η1 and
η2) by sending the initial time to −∞. For the leading contribution in the Taylor expansion for
p, q  km we find
V UV1bc (η,p,q) = −
e4ησ2dvbvc
679140p2q2
(
22625k6 + 37666k4(p2 + q2) + 62973(p2 − q2)2(p2 + q2)
−12k2(10272p4 − 5255p2q2 + 10272q4)
)
,
V UV2bc (η,p,q) = −
e4ησ2dvbvc
679140p2q2
(
26535k6 + 91352k4(p2 + q2) + 20991(p2 − q2)2(p2 + q2)
−2k2(69439p4 − 263840p2q2 + 69439q4)
)
, (A.6)
where k = p + q and v = (v1, v2) = (3/5, 2/5).
As a cross check we verified that when adding to this result the 1PR contributions (three
diagrams with “self-energy” insertions on either of the external lines), we recover the corresponding
SPT result
V SPT1bc = 12vbvc
∫
d3l P0(l)F4(p,q, l,−l), (A.7)
where F4 is the standard, fully symmetrized SPT kernel. Since, within the effective theory, the
1PR contributions are already (approximately) taken into account via the viscosity and sound
velocity corrections to the propagator, we only use the 1PI contributions (as computed above) for
the matching to the effective vertices.
Within the effective theory, the corresponding tree-level diagram that involves the correction
δγabc to the SPT vertices is given by
δV EFTabc (η,p,q) = 2
∫ η
−∞
dη′gRaa′(η − η′)δγa′b′c′(p,q, η′)gRb′b(η′)gRc′c(η′) . (A.8)
As matching condition, we require agreement of both expressions,
V UVabc (η,p,q) = δV
EFT
abc (η,p,q). (A.9)
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k1
k2
k3
FA
FB
FC
Figure 9. Generic structure of an L-loop diagram contributing to the bispectrum B(k1, k2, k3). According
to the classification discussed in the text, the diagram has n1 = n2 = n3 = 2 and n12 = n23 = n31 = 3.
This yields two independent relations for two linear combinations of δγabc, given in (3.2) and (3.3).
It should be noted that the matching conditions are not unique. In particular, for l  km
higher-order corrections, as well as effects that go beyond the fluid description, are relevant. In
addition, the nontrivial time dependence implies that the effective theory can only be expected to
capture the dominant effects arising from the growing mode. Within the approach followed here
the theoretical uncertainty due to both of these points can be assessed by the dependence of the
result on the choice of the matching scale km (see Sec. 5).
B Efficient evaluation of the loop integral for the bispectrum
For the one-loop contribution to the bispectrum, we combine the contributions within the loop
integrand in order to achieve the cancellation of infrared singularities at the integrand level, as
described for the power spectrum in [25]. Even though we will evaluate the bispectrum at most
at one-loop order below, we describe an algorithm that eliminates infrared singularities on the
integrand level at any loop order L ≥ 1 for completeness. This generalizes the one-loop case
discussed in [29, 30] and the two-loop calculation in [48].
In order to describe the manipulations performed on the loop integrand, it is convenient to
introduce a notation for a general contribution to the bispectrum at any loop order. Each pertur-
bative contribution BABC contains a product of three kernels of the form FA × FB × FC . Each
kernel Fn(q1, . . . ,qn) can be pictured as a “blob” with n ingoing lines, carrying wavenumbers qi,
and one outgoing line with momentum given by kout =
∑
qi. We assume that the outgoing line of
FA has wavenumber k1, the one of FB carries k2, and the one of FC carries k3 = −k1 + k2.
The most general loop diagram contains internal lines that are attached to a single kernel, and
those that connect two kernels. A generic diagram is schematically shown in Fig. 9. Pairs of two
internal lines attached to a single kernel form a loop. In addition, there are loops associated to
lines that connect different kernels. We denote the number of loops formed from lines starting and
ending at the same kernel by n1, n2 and n3, for the three kernels FA, FB , and FC , respectively.
The number of lines connecting FA and FB is denoted by n12, the number of lines connecting FB
– 19 –
and FC by n23, and the one connecting FC and FA by n31. The total number of loops is
L = n1 + n2 + n3 + n12 + n23 + n31 − 2 , (B.1)
and the order of the kernels FA × FB × FC is given by
A = 2n1 + n12 + n31, B = 2n2 + n12 + n23, C = 2n3 + n23 + n31 . (B.2)
Denoting the corresponding contribution to the bispectrum by B(n1,n2,n3,n12,n23,n31), the familiar
one-loop expressions are given by
B222 = B(000111) ,
BI321 = B(000210) +B(000021) +B(000102) +B(000201) +B(000012) +B(000120) ,
BII321 = B(001110) +B(001101) +B(010101) +B(010011) +B(100110) +B(100011) ,
B411 = B(100101) +B(010110) +B(001011) . (B.3)
In each line, the first contribution on the right-hand side corresponds to the one shown explicitly
in eq. (5.2), while the other terms contain the permutations.
In this notation, the bispectrum at L loops is
BL−loop(k1, k2, k3) =
∑
n1,n2,n3≥0
n12,n23,n31≥0
δL+2,n1+n2+n3+n12+n23+n31B(n1,n2,n3,n12,n23,n31)(k1, k2, k3) ,
(B.4)
with the additional constraint that at least two out of the indices (n12, n23, n31) are nonzero in
order to remove disconnected pieces. Each individual contribution is given by
B(n1,n2,n3,n12,n23,n31)(k1, k2, k3) =
A!B!C!
2n1+n2+n3n1!n2!n3!n12!n23!n31!
∫
dQ
FA(q
(1)
1 ,−q(1)1 , . . . , q(1)n1 ,−q(1)n1 ,−q(12)1 , . . . ,−q(12)n12 , q(31)1 , . . . , q(31)n31 )
FB(q
(2)
1 ,−q(2)1 , . . . , q(2)n2 ,−q(2)n2 ,−q(23)1 , . . . ,−q(23)n23 , q(12)1 , . . . , q(12)n12 )
FC(q
(3)
1 ,−q(3)1 , . . . , q(3)n3 ,−q(3)n3 ,−q(31)1 , . . . ,−q(31)n31 , q(23)1 , . . . , q(23)n23 )
(B.5)
where ∫
dQ ≡
∫ L+2∏
i=1
d3QiP0(Qi) δ
(3) (k1 − q31 + q12) δ(3) (k2 − q12 + q23) . (B.6)
The {Qi} denote collectively the set of L+ 2 wavevectors {q(1,2,3)j , q(12,23,31)k }, and
q12 ≡
n12∑
j=1
q
(12)
j , q23 ≡
n23∑
j=1
q
(23)
j , q31 ≡
n32∑
j=1
q
(31)
j , (B.7)
denote the total wavevector exchanged between the three “blobs”, respectively. Note that the
product of the two Dirac functions in (B.6) implies also that k3−q23+q31 = 0, since k3 = −k1−k2.
We can discriminate two cases: (a) all of the indices (n12, n23, n31) are nonzero, and (b) one of
them is zero.
Let us first discuss case (b). At one-loop, this is realized for BI,II321 and B411. We assume as
an example that n12 = 0 (the other cases are analogous). This implies that q12 = 0, and therefore
the two Dirac functions in (B.6) fix q23 = −k2 and q31 = k1 in terms of external wavevectors.
This can be used to eliminate the integrations over QL+2 ≡ q(23)1 and QL+1 ≡ q(31)1 , so that exactly
– 20 –
L loop integrals over Q1, . . . , QL appear. Furthermore, if n23 ≥ 2 (as for BI321 at one-loop), the
integrand is symmetric under permutations of {q(23)1 , . . . , q(23)n23 }. We can choose to integrate only
over the subspace for which |q(23)1 | ≥ |q(23)j | for j = 2, . . . , n23, and compensate by multiplying with
a factor n23, i.e. multiply the integrand by
n23
n23∏
j=2
Θ(|q23 − p23| − |q(23)j |) , (B.8)
where p23 ≡
∑n23
j=2 q
(23)
j . This guarantees that the factor P0(|q23 − p23|) contained in dQ after
eliminating q
(23)
1 → q23 − p23 = −k2 − p23 with the help of one of the Dirac deltas is never
evaluated for |q23 − p23| → 0, i.e. no infrared singularities appear. An analogous modification
can be made for the integration over {q(31)1 , . . . , q(31)n31 } if n31 ≥ 2. Finally, in order to guarantee a
cancellation of infrared singularities for Qi → 0, i = 1, . . . , L among the various contributions, it is
furthermore necessary to completely symmetrize the integrand with respect to all
L!
n1!n2!n3!(n23 − 1)!(n31 − 1)! (B.9)
possibilities to choose the sets of wavenumbers {q(1)1 , . . . , q(1)n1 }, {q(2)1 , . . . , q(2)n2 }, {q(3)1 , . . . , q(3)n1 },
{q(23)2 , . . . , q(23)n23 }, {q(31)2 , . . . , q(31)n31 } out of the L wavenumbers Q1, . . . , QL, and further with respect
to all 2L possibilities to substitute Qi → −Qi. At one-loop L = 1 there is only a single wavevector
Q1, and symmetrization with respect to Q1 → −Q1 is sufficient.
If the case (a) is realized, there is a loop running around all three ‘blobs’ of the bispectrum.
At one-loop, this is only the case for B222, and the 3 = L + 1 integration variables in dQ can be
taken to be {Q1, Q2, Q3} = {q12,q23,q31}. Two of them can be eliminated by help of the Dirac
deltas in (B.6). In order to ensure cancellation of infrared singularities at the integrand level, one
has to choose to eliminate the wavevector with the largest norm, and the middle one. This can be
achieved by inserting unity in the form of
1 =
∫
d3q
[
δ(3)(q− q12)Θ(|q23| − |q12|)Θ(|q31| − |q12|) + cyclic
]
. (B.10)
After eliminating the integrations over {q12,q23,q31} with the help of the Dirac deltas in the
equation above and in (B.6), the remaining integration variable q can be identified with Q1. Finally,
the integrand should be symmetrized with respect to Q1 → −Q1. For L > 1, one proceeds
analogously to above, but in addition one has to symmetrize over all possibilities to choose q from
Q1, . . . , QL. If n23 ≥ 2, one in addition performs the modifications analogous to case (b) described
above, and similarly if n12 ≥ 2 or n31 ≥ 2. For L ≥ 3, it is in addition necessary to symmetrize
over all possibilities to associate the L− 1 remaining integration variables (i.e. after choosing q) to
the internal wavenumbers.
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